Chapter 8: Continuity

EXERCISE 8.1 [PAGES 111 - 112

Exercise 8.1 | Q 1.1 | Page 111

Examine the continuity of f(x) = x3+ 2x2 - x - 2 atx = -2.

fx) =x3+2x2-x-2
Here f(x) is a polynomial function and hence
itis continuousforall x € R.

=~ f(x) is continuous atx = -2.

Exercise 8.1 | Q 1.2 | Page 111

2 —9
Examine the continuity of f(x) = P— on R.
m —_—
SOLUTION
2 —9
flx) = —:x€R
r—3

f(x) is a rational function and is continuous forall x € R, except at the points where
denominator becomes zero. Here, denominatorx — 3 = 0 when x = 3.

~ Functionfis continuous forall x € R, except at x = 3, where itis not defined.

Exercise 8.1 | Q 2.1 | Page 111
Examine whetherthe function is continuous atthe points indicated againstthem.

f(x) =x3 - 2x + 1, forx <2
=3x - 2, forx >2, atx = 2.
SOLUTION

lim f(z)=lim (.'1:3 — 2z +1)

r—+2 T—2

==(2°-22)+1=5
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lim f(z)=Ilim (3z —2)

T—+21 T2+
=3(2)-2=4
~ lim f(z) #lim f(z)

. Function f is discontinuous at x = 2

Exercise 8.1 | Q 2.2 | Page 111

Examine whetherthe function is continuous atthe points indicated againstthem.

2
T 182 — 19
f(x) = L) forx # 1
r—1
=20 forx =1,atx =1
SOLUTION
) o 22418z — 19
e =
o224+ 192 —x — 19
= lim
z—1 T —1
. x(x+19) — 1(x + 19)
= lim
z—1 T —1

(z — 1)(z + 19)
r—1 (m— 1)

=lim (z+19) .frx =1, 2x# 1, 2x-120)
= 1+19=20

Also, f(1) = 20

- lim f(z) = f(1)

-~ f(x) is continuous at x = 1
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Exercise 8.1 | Q 3.1 | Page 112

Test the continuity of the following function at the points indicated against them.

ve—1—(zx—1 3
flz) = ( ) forx # 2
1 r—2
= — forx=2atx=2
D
SOLUTION
f2) = — ... (given)
' _1_ _]_%
lim f(z) =lim ° (1)
r—2 r—2 r— 2
Putx-1=y
Lx=1+y
SDAsx =2,y — 1
_yh
s~ lim f(z) =lim @—y
z—2 y—=1 1+y— 2
—1—y7+1
= lim y yr
y—1 y—1
) ()
= lim
y—1 y—1
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= lim — lim
y—=1 y—1 y—=1  y—1

_ l(l)T _ 1(1]73 [~ lim zm—at n. a1
2 3 e T — @

1 1

2 3

1

6

~ lim f(z) # f(2)

- f(x) is discontinuous at x = 2

Exercise 8.1 | Q 3.2 | Page 112

Test the continuity of the following function at the points indicated against them.
3
r’ — 8
flz) = forx # 2
ve+2—1+v3z -2

=-24 forx=2atx=2

SOLUTION

t(2) = -24 ......(given)

2 — 8
lim f(z) =lim
z—2 =22z +2— /32— 2
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P —8 Xv$+2—|—133$—2
=2 Jr+2—+3x—2 ver+2++v3x—2

(= —8) (Vo +2+ V3z—2)

- I (x+2) — (3z — 2)
@) (Ve V)
= —2z +4
; ($—2)($2+2$—|—4)(vr—|—2+ M)
= —2(z — 2)
. (;I:E—I—Zm—i--i)(\/m—I-M)
= E:% — [T X=2, X2 2 o x-2 2 0]

L i (2 +22+4) (Vo +2+ V32 —2)
2 2

—1
— lim (m2—|—2m+4) lim (x/:r+2—|—v’3m—2)
2 2 r—2

_?1 x [2% +2(2) + 4] x (M+ “’3(2)—2)

—1
:? K12X(2+2}

= -24
lim f(z) = £(2)

-~ f(x) is continuous atx = 2

Exercise 8.1 | Q 3.3 | Page 112

Test the continuity of the following function at the points indicated against them.
fix) = 4x + 1, forx < 3
_ 59 -9z

8
forx >3 atx= —.
3 3
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lim f(z)= lim (4z+ 1)
e(3) (%)

A(3)

= (3) (3

lim f(z)= ]jIﬂ}+ (z) =f(

- f(x) is continuous at x = 3

Exercise 8.1 | Q 3.4 | Page 112
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Test the continuity of the following function atthe points indicated againstthem.

\ i
— 27
f(m}zmz— for0 < x <3

- —9

9
= — for3<x<6
2

atx =23
SOLUTION
9 .
f(3) = 2 e (QiVEN)
3

x® — 27
li =lim ———
lim f(z) =lim —5—5

. (z—3)(2*+3z+9)
= lim
z—+3 (z —3)(z+ 3)
x> +3z+9

lim [Asx — 3, x#3 .~ x-320]
z—+3 xr+ 3

(3)> +3(3) + 9
343
01949

6
27

6
9

2
~ lim f(zx) = f(3)
z—3
. Function f is continuous at x = 3

Exercise 8.1 | 4.1 | Page 112

247 — 8% — 3% 4+ 1
If f(x) = forxz0
12F — 4= — 32 +1

=k, for x = 0 is continuous at x = 0, find k.
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Function f is continuous at x = 0
- f(0) = ]IJE% f(z)
. 24T -8 -3 +1
ok =lim
z—0 12 —4* — 3* + 1
8*.3" —8"—-3"+1
z—0 437 —4* — 3+ 1
8%(3* —1) — 1(3* — 1)
z—0 47(3* —1) — 1(3* — 1)
(3* —1)(8* —1)
z—0 (37 —1)(4* —1)
8 —1
r—0 4T — 1

[[-z—+0,37 =3, [.3° = 1.3 £1],[.3° —1#0]]

81
= lim ( — ) X =0, 5 x £ 0]

I

log 8 . a® —1
= e | lim = loga
log4d z—0 x

log(2)"
log(2)’
3log 2
3log 2

Exercise 8.1 | @ 4.2 | Page 112
H* +57F — 2
() = g

forx 0

=k for x = 0 is continuous at x = 0, find k

Function fis continuous atx = 0
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-~ £(0) =lim f(x)

5% + 5T — 2
sk =1lim 2
xz—0 mﬂ
5 + 5 — 2
= lim
z—: ;1:2
- (5%)2+1-2(5%)
= lim
z—) 5:“,&2
57 — 1)?
- lim g s @% - 2ab + b2 = (a - b)?]

z—+ R mg

T z—0 [T
T—1
:(]Dg5}2><—ﬂ [ lif%(ax )=]Dga]
- k = (log 5)2

Exercise 8.1 | Q 4.3 | Page 112
For what values of a and b is the function

f(x) =ax +2b+ 18 forx<0

=x2+3a-b forO<x<2
=8x-2 forx > 2,
continuous for every x ?
SOLUTION

Function fis continuous for every x.
~ Functionfiscontinuousatx =0 andx =2

As fis continuous at x = 0.
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]i}n.f.'l f(z) =lim f(zx)

z— 0t

- lim (az + 2b+ 18) =lim (z° + 3a —b)

z—0 r—01
~al0)+2b+18=(0)°+3a-b
s 3a-3b=18
ca-b=6 i)
Also, Function f is continous at x = 2
- g ) =y )

- lim (2®+ 3a—b) =lim (8z —2)

T2 T2
~(2%+3a-b=8(2)-2
~4+3a-b=14
~3a-b=10 (i)
Subtracting (i) from (ii), we get
da =4
La=2

Substituting a = 2 in (i), we get

2-b=6
~bh=-4
~a=2andb=-4
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Exercise 8.1 | Q@ 4.4 | Page 112

For what values of a and b is the function
2
- —4
forx <2

f(x) =

r— 2
—ax’ —bx+3 for2<x<?3
=2x—-a+b forx=z=3

continuous in its domain.

SOLUTION
Function fis continuous for every x on R.
~ Functionfiscontinuousatx =2 andx = 3.

As fis continuousatx = 2.

:.‘]i}rﬂn f(m} ZEILEED* f($}

. mg _4 . 9

- lim = lim (a:r: — bx + 3)

=2 g — 2 2

— 2 + 2

s lim (= )(z ) = lim (a:r:2 — bx + 3)

r—2 r—2 r—2
- lim (z+2)=lm (az® —bz+3)...[rz—=2 z#£2 z—2+#0

r—2 r—2t

“2+2=al22-bR)+3
~4d=4a-2b + 3

~da-2b=1 (i)

Also function f is continuous at x = 3
- g =) =l 1@

- lim (amz—bm—l—:}) =lim (2z —a+b)

r—3 r—3t
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~a3)?-bB)+3=23)-a+b
~9%-3b+3=6-a+b

- 10a -4b = 3 ...(ii)
Multiplying (i) by 2, we get

8a - 4b = 2 ....(iii)

Subtracting (iii) from (ii), we get
2a =1

1
Substituting a = 3 in (i), we get

i(3)-2-1
2

n2-2b=1
~1=2b

1
~b=—

2

1 1

~a=—andb=—
2 2

MISCELLANEOUS EXERCISE 8 [PAGE 113

Miscellaneous Exercise 8 | Q 1.1 | Page 113

Discuss the continuity of the following function atthe point(s) or in the interval indicated

againstthem.
f(x) =2x2 -2x +5for0< x< 2

1— 3z — z2
= for2 <x<4
1—=x

7T — x?

x—DH
Miscellaneous Exercise 8 | Q 1.2 | Page 113

for4 £ x £ 7 on its domain.
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Discuss the continuity of the following function atthe point(s) or in the interval indicated

againstthem.

3F+37F -2
flz) = h 5 forx# 0
x

— (log3]l2 forx=0atx=0
SOLUTION

f(0) = (log3)? .....(given)

_ 34372
:lclf[l] f(m] _:]:15,.?] )
3% + 35 — 2
= lim
z— mﬂ
o (37)2+1-2(3%)
= lim .
r—+ mg_ (3)
2
3F -1
- lim ( ) [~ a®-2ab + b®=(a-b)?

_ (3?—1)2 1]
= lim W —
x— r 3T

/3T -1\ 1
= lim X —
z—+0 T lim 3=

z—0
_ 2, b (L)
= (log 3) Xglll_t}%( . )—loga]
1
= (log3)* x —
(log3)" x 7
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= (log 3)°
~lim f(x) = £(0)

~. fis continuous atx = 0

Miscellaneous Exercise 8 | Q 1.3 | Page 113
Discuss the continuity of the following function atthe point(s) or in the interval indicated
againstthem.

5t — e”

fﬁ%= 7
= 5“095—1] forx =0atx=0

forx # 0

SOLUTION
1 .
f(0) = EUDQ 5-1) ..[given]

€I €
Dt — e

oy S(=) =lmy

2 —1—e"+1

= lim
z—l 2x
1 5" —1) — (e — 1
= — lim (5 )~ (e )
2 -0 xr
1 5% — 1 -1
2 x—0 €T £
1 57 — 1 -1
= — (]i]ﬂl — ]Jm c )
2 \z—=0 T z—0 T
1 o1
= —(log5-loge) .. [lim - = log ﬂ]
2 r— xI
1
= (log5-1) .[loge=1]
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-l f(z) = £(0)

- fis continuous at x = 0
Miscellaneous Exercise 8 | Q 1.4 | Page 113
ver+3—2

i —1
=2 forx=1atx=1.

f(x) forx #1

SOLUTION
f(1)=2 ...[given]

. v+ 3-2
) = ey

y Vz+3-2 L, Yat+3+2
= lim

=1 zs —1 V+3+2

y r+3—4

= lim

e (m3—1)(1./x+3+2)
) r—1

= lim
=1 (m—l)(m2+$+1}(\/$+3+2)
| 1

=llm — ... [Asx—1,x#Z1 .. x-1=20]
=1 [m?+$+1)(1s’m+3+2)

i 1
lim (22 + 2 + 1) lim (1f:r—l—3—|—2)
r—1 z—1

1

(12+1+1) x (\m+2)

%(24—2)
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1
12

lim f(z) # £(1)

-~ fis discontinuous at x = 1

Miscellaneous Exercise 8 | Q 1.5 | Page 113

logx — log 3
flz) = 5 3g forx # 3
=3 forx =3, atx = 3.
SOLUTION

f(3) = 3 ..[given]
logz — log 3

i ) =l <7
Substitute x—3 =h
X =3+ h,

asx—=3 h—=0

log(h +3) —log3
~ lim f(z) =lim og(h 1 3) ~ log
—3 h—0 3+h—3

5
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~lim f(z) # £(3

~. Tis discontinuous at x = 3

Miscellaneous Exercise 8 | Q 2.1 | Page 113

Find k if the following function is continuous atthe points indicated againstthem.

flz) = (ﬁm_g)m forx # 2

8 —3zx
=k forx=2atx=2.
SOLUTION

fis continuous atx = 2

- f(2) = :]EJE}% flz)

3
5 — 8 2r—4
ok =1lim *
x—2 8 —3r

Substitute x-2 = h

nx=2+h
Asx—=2,h—=0

sk =1lim
h—0

. /10+5h—8\ %
= lim
h—0 8 —6—3h

_ (z+5h)%
= lim
h—0 \ 2 — 3h

5(2+ h) — 8] T@m T
5]
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= lim
h—0 (1 3_?}'1 an
2 2 g5
lim (l—l- 5; ““}
_ h=0
- 3.3
27173 *3
I [1—ﬂ i“]
- ( 2)
et 5h —3h 1
= |'h—0,— —0,— —0and lim (1+ )= =e
ETg 2 2 r—l
M
:E""'
k = eb

Miscellaneous Exercise 8 | Q 2.2 | Page 113
Find k if the following function is continuous atthe points indicated againstthem.

flz) = i M forx #0
(k2 —1)(3* — 1)

= — forx=0atx=20
3

SOLUTION

fis continuous atx = 0
- lim f(z) = f(0)
z—0

T (45)" — 9% — 5% +1
Temd (R -1)(3=-1)
. gt h* — 09T — KT 1 ]

s lim =
=0 (k* —1)(3° — 1)
97(5* —1) —1(5* —1) 2

! el
220 (R 1)(3F 1) 3

W ol
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(5 —1)(9*° —1) 2

- lim = —
z—0 (kz — ]_)(3:: — ]_} 3
{5’—1)&9’—1] 5
Bt T -2 [ex=0 - 2 - : 2
2% FE) 3 [~ x—=0, . x # 0 .. x* # 0 Divide Numeratorand Denominator by x<]
2:2
. 5511 /91
i -1y (351 3
i, (1) (350)
logh.log9 2 .ooat—1
n————— = — [-lim = loga
logk.log3 3 =0

~ log5h. log(3)? 2

logk.log3 3

o 2xlogh xlog3 2
"~ logk x log3 3
Clogs 1

“logk 3

- 3log 5 =logk

- log(5)® = log k

~ (5P =k

k=125

Miscellaneous Exercise 8 | Q 2.3 | Page 113
Find k if the following function is continuous atthe points indicated againstthem.

flz)=(1+ k:ﬂ)% forx#0
:e%, forx=0,atx=0
SOLUTION

fis continuous atx =0

lim f(z) = £(0)
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Miscellaneous Exercise 8 | Q 3.1 | Page 113

Find a and b if the following function is continuous at the pointindicated againstthem.
flx)=z*+a, forx>0
=2vx24+ 1+ b, forx < 0andf(1) = 2is continuous at x = 0

SOLUTION

Since,f(x)=x?2+a, x20
~f1)=(@1)*+a
22=14@a [+ (1) = 2]
~a=1
Also fis continuous atx = 0
o lim f(z) =lim f(z)
z—l r—0+
- lim @wﬁl+1+b)=hm (z* + a)
x—0 — 0t

2V +1+0b) =02+ 1

2202 4+14+b=0%2+1

“2(1) +b =1
b =-1
~a=Tandb = -1

Miscellaneous Exercise 8 | Q 3.2 | Page 113
Finda and b if the following function is continuous at the pointindicated againstthem.
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2 —9
3 +a,forx >3

flz) =
=5,x=3

= 2% +3x+b, forx<3

Is continuous atx = 3

fis continuousatx = 3
~ f(3) =lim f(z)
r—3

= lim (ng + 3 + b)

r—3
~5=203%+303)+b
~5=18+9+b
~b=-22
Also, f(3) = f(3) =z]'£}1131+ f(z)

2
—9
~ 5= lim z
z—3+ 1 — 3
+ 3 —3
lim (= )(z )—I—a
r—3t (x—g)

+a

Iim (z+3)+a ...[-x=3x#£3:.x-320]

z—+3+
=(3+3)+a
~h=b+a
La=-1

na=-1b=-22

Miscellaneous Exercise 8 | Q 3.3 | Page 113
Finda and b if the following function is continuous at the pointindicated againstthem.
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32T —1
r)=—" +a,forx>0
fla) = ——

=2, forx=0
=x+5-2b,forx<0

is continuous atx =0

SOLUTION
fis continuous atx = 0
- lim f(z) = £(0)
x—:
~ lim (z+5—2b) =2
x—l

~0+5-2b=2

Also z]Lr[r]l} f(z) = f(0)
. 32 —1
- (ﬁ +“) -

321
- lim — + lim a=2
r—0* 81 z—0t

i
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